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Introduction 



jDJLljJI OujJI dill jQUJJ 

We are pleased to introduce this book to show the philosophy on which the academic content 
has been prepared. This philosophy aims at: 

1 Developing and integrating the knowledgeable unit in Math, combining the concepts and relating 
all the school mathematical curricula to each other. 

2 Providing learners with the data, concepts, and plans to solve problems. 

3 Consolidate the national criteria and the educational levels in Egypt through: 

A) Determining what the learner should learn and why. 

B) Determining the learning outcomes accurately. Outcomes have seriously focused on the fol- 
lowing: learning Math remains an endless objective that the learners do their best to learn it all 
their lifetime. Learners should like to learn Math. Learners are to be able to work individually 
or in teamwork. Learners should be active, patient, assiduous and innovative. Learners should 
finally be able to communicate mathematically. 

4 Suggesting new methodologies for teaching through (teacher guide). 

5 Suggesting various activities that suit the content to help the learner choose the most proper activi- 
ties for him/her. 

6 Considering Math and the human contributions internationally and nationally and identifying the 
contributions of the achievements of Arab, Muslim and foreign scientists. 

In the light of what previously mentioned, the following details have been considered: 

* This book contains three domains: algebra, relations and functions, calculus and trigonometry. The 
book has been divided into related and integrated units. Each unit has an introduction illustrating 
the learning outcomes, the unit planning guide, and the related key terms. In addition, the unit is 
divided into lessons where each lesson shows the objective of learning it through the title You will 
learn. Each lesson starts with the main idea of the lesson content. It is taken into consideration 
to introduce the content gradually from easy to hard. The lesson includes some activities, which 
relate Math to other school subjects and the practical life. These activities suit the students' dif- 
ferent abilities, consider the individual differences throughout Discover the error to correct some 
common mistakes of the students, confirm the principle of working together and integrate with 
the topic. Lurthermore, this book contains some issues related to the surrounding environment 

and how to deal with. 

^ Each lesson contains examples starting gradually from easy to hard and containing various levels 
of thoughts accompanied with some exercises titled Try to solve. Each lesson ends in Exercises 
that contain various problems related to the concepts and skills that the students learned through 

the lesson. 

* Each unit ends in Unit summary containing the concepts and the instructions mentioned and 
General exams containing various problems related to the concepts and skills, which the student 

learned through the unit. 

* Each unit ends in an Accumulative test to measure some necessary skills to be gained to fulfill the 
learning outcome of the unit. 

* The book ends in General exams including some concepts and skills, which the student learned 
throughout the term. 

Last but not least. We wish we had done our best to accomplish this work for the 
benefits of our dear youngsters and our dearest Egypt. 
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[Real Functions and 
y^raphi ngj’C u rves 



: Unit introduction 

Functions have various types and they have important applications in different 
life domains such as astronomy, medicine, economy, seismography, geology 
and demography. We use the functions to calculate the variables of the weather and to predict 

the expected weather conditions for a period of time in the future or to identify a malfunction position in the heart 
using the graphs which the electrocardiogram device record. Furthermore, functions are used to fulfill the best 
profit through studying the two functions of profit and cost or the effect of the age categories on census. Functions 
are also used in athletic medicine to identify the ideal weight (weight = length (cm) -100) or to calculate the ratio 
of fats in the body. 



In general, functions are commonly used in the industry to study the effect of the different variables on the 
production quality. 

The swiss scientist Leonard Euler (1707 - 1783) is considered one of the most prominent of the eighteenth century 
in mathematics and physics. He had been credited with using the symbol y = f(x) to express the function . He had 
considered that the function is a correlation between the elements of two sets with a relation that allows to calculate 
a variable value related to Y for another independent one. He had converted all the trigonometric ratios which 
ancient Egyptians, Babylonians and Arabs had excelled into trigonometric functions. In this unit, you are going to 
learn different forms of the real functions, their behaviour and their graphical representation using the geometrical 
transformations and graphical programs and to use the real functions in solving life and mathematical problems in 
different fields. 

@ Unit outcomes 

By the end of the unit , the student should be able to : 



Identify the concept of the real function. 
Determine the domain, co-domain 
and range of the real functions. 
Deduce the monotony of the real 
functions of a real variable (increasing 
functions - decreasing functions - 
constant functions). 

Identify the type of the real function 
whether it is odd or even, 
identify polynomial functions. 

Graph the curves of (quadratic 
function - modulus functions - cubic 
function rational-, function) and 



deduce the properties of each. 



$ Deduce the effect of the following 
transformations: fix ± a) ± b and a 

fix ± b) ± c on the previous functions. 
Apply the previous transformation 
on graphing the curves of the the real 
function. 

+ Solve equations in the form of : 
lax + bl = c, lax + bl = Ifx + cl . 

+ Solve inequalities in the form of: 
lax + bl < c and lax + bl < c, 
lax + bl ^ c and lax + bl ^ c 
+ Use the real functions to solve math 
I life problems in different fields. 



Relate what they learned about the 
effect of the previous transformations 
on the trigonometric functions in the 
form of activities. 

^ Investigate the graphical 
representation of the real function 
which have been previously learned 
and the effect of the previous 
transformation using the "Geogebra" 
program as cooperative work and 
activity. 
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Key terms 

Real Function 
Domain 
Co-domain 
Range 

Vertical Line 

Piecewise-Defind Function 
Even Function 



Unit Lessons 



Odd Function 
Monotony of Function 
Increasing Function 
Decreasing Function 
Constant Function 
polynomial Function 
Absolute Value Function 




-$• Rational Function 
-$• Asymptote 
Transformation 
Translation 
Reflection 
Stretching 

-$■ Graphical Solution 



Unit planning guide 



Lesson (1 - 1): Real functions. 

Lesson (1 - 2): Monotony of functions. 

Lesson (1 - 3): Even and odd functions. 

Lesson (1 - 4): Graphical representation of functions 
and geometric transformation. 

Lesson (1 - 5): Solving the equations and inequalities 
of absolute value. 



Materials 

Computer set with graphic programs- 
graphic Calculator-Scientific calculator 



Real functions and graphing curves 



Real function 



Monotony of 
function 



Symmetry of 
function 



< 



Domain of function 



ion 



Range of function 

increasing function 
Decreasing function 



I 



Constant function 



I 



r! 



Even function 



Odd function 



I 



Graphical representation of functions and 
geometric transformation 






Life applications 



Solving equations 
Solving inequations 



3 
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Unit 1 




| You will learn 

► The concept of the 
real function 

► Vertical line test 

► The piecewise 
defined function (de- 
fined with more than 
a rule). 

► Identifying the do- 
main and range of the 
real function. 

► Operations on the 
functions. 



■ } Key terms 



► Function 

► Domain 

► Co-domain 

► Range 

► Arrow diagram 

► Cartesian diagram 

► Vertical line 

► Piecewise defined 
function 

► Rule of the function. 



Materials 



► Scientific calculator 

► Computer with 
graphic programs 



jlh- 

Explore 



You have previously learned the concept of the function and known that 
the function is a relation between two non-null sets X and Y so that each 
element of X is identified with one element of Y and denoted by one of 
these symbols/, g , h 

If we denote a function of set X to set Y with symbol /, it's mathematically 
written as : 

/: X > Y and read/ function from X to Y. Notice: 

1 - For each element x e X, one 
element of y e Y is identified 
by the rule of the function / 
and written as: y = fix) 

2 - The set X is called the domain 
of the function and the set Y 
is called the co-domain of the 
function. 

3 - The set {y =j{x) : x e X} 

is called the range of the function and known as the set of the image 
of the elements of the domain of the function. 

Real function: 

The function/is called a real function if each of its domain and 
co-domain are the set of the real numbers M. or a subset of it. 




Range 



Domain 



Co-domain 




0 



Example 



1 The relation from set X to set Y represented in 
the arrow diagram opposite represents a function 
where: set X is the domain of the function = 

{ 1 , 2 , 3 , 4} and the set Y is the co-domain 
of the function = {5, 6, 7, 8, 9}, whereas 
the set of elements {6 , 8 , 9} is known as the 
range of the function. 

Q Try to solve 

1 Which of the following relations shown by the illustrated arrow 
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diagrams represents a function and which does not represent a function? Write down the 
domain and range in case the relation represents a function: 

X 




The graphical representation of the functions 

If / : X > Y , then the set of ordered pairs which satisfies the rule of the function is called the 

function. I.e. the function f={(i,y):xeX,ye Y and y = fix) } 

By representing these ordered pairs on the cartesian diagram , we draw the graphical form of the 
function or the curve of the function. 

In example (1) : The function / = { (1, 6), (2, 8), (3, 9), (4, 6) }. 

Notice : 

1 - The graphical form of the function is a set of separated points. 

2- The vertical line passing at each element of the elements of the 
function domain intersects its graphical representation at an only 
point. 
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85 

The vertical line test 

If the vertical line is found at each element of the 
domain elements , it passes through an only point of 
the points representing the relation, the relation was 
a function from X > Y 

# EXamP ' e Identifying the relation representing a function 

2 In each of the following figures, show whether y represents a function in x or not . 
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Figure (4) 



Figure (1) Figure (2) 

Solution 

Figure (1) represents a function 

Figure (2) does not represent a function because the vertical line passing through point 
(1,0) intersects the graph at infinite number of points. 
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Unit 1: Real Functions and Graphing Curves 



Figure (3) represents a function. 

Figure (4) does not represent a function because there is a vertical line intersects the curve 
at more than a point. 



El Try to solve 

2 Show which of the following relations represents a function from X > Y. Why? 








y' 




/ 














/ 












1 


1 






X 1 












X 




v 


iO 












/ 


; 












1 


y', 















y' 




i 


! 








j 
























X x 












X 




2 


1 o 




























y‘ ' 




> 







Figure (1) Figure (2) Figure (3) Figure (4) 






Example 



Identifying the range of the function. 



3 a Iff: [1, 5] > R where /(x ) = x + 1 

Graph the function /and deduce the range of the function 

b If g : [1, 5[ > R where g (x) = x + 1 

Graph the function /and deduce the range of the function. 



Solution 

a Function/is a linear function whose domain is [1, 5], 
It is represented by a line segment whose two ends are 
(1, /( 1)) and (5,/(5)) i.e. the two points (1, 2) and (5, 6). 
The range of function / = [2, 6] 

It is the set of y coordinates for all the points which 
belong to the curve of the function. 



b The function g is a linear function whose domain is 
[1, 5[. It is clear that g(x) = J{x) for each x e [1, 5[ 
to be graphically represented by a line segment on 
a way that one of its ends is point (1 ,2), and the other 
end (5 , 6) is to be ignored from the graph by placing 
an open circle at this point. 

The range of the function g = [2, 6[ 
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13 Try to solve 

© • If / : [1 , oo [ > K , where fix) = \ - x 

Graph the function /, and deduce its range. 

b If g : ]- oo, -l [ > E , where g(x) = 1 - x 

Graph the function g and deduce its range. 

Piecewise - defined function 

r> Work together 



Monthly consumption 
in (m 3 ) 


Price per 
piasters 


till 25 


40 


More than 25 till 50 


100 


More than 50 


150 



To decrease the consumption of electricity, water and 
gas, the monthly consumption is calculated with respect 
to special categories relating the consumption amount 
to its value. The table opposite illustrates the prices of 
the monthly consumption categories for the natural 
gas at homes in piasters. Calculate the value of a home 
consumption of the natural gas in piasters with a classmate 
for the following quantities: 

1-30 cubic meters monthly. 2 - 60 cubic meters monthly. 

[Taxes and service are added after the monthly consumption is calculated] 

Notice: The function /of calculating the value of the consumption x cubic meter of gas monthly 
where xel can be written as follows: 

40 x when 0 ^ x ^ 25 

f( x ) = ■ 100 v - 1500 when 25 < x < 50 
150 x- 4000 when x > 50 

It is a piecewise - defined function (Defined by more than a rule) 






Learn 



The piecewise defined function is a real function where each subset of its domain has a different 
definition base. 

13 Try to solve 

4 Check your answer using the function above in Work together , then calculate the gas 
monthly consumption for the following quantities: 
a 15 cubic metres b 40 cubic metres 



c 54 cubic metres 



Graphing piecewise- defined function : 

# Example 

[ 3 - x when -2 < x < 2 

©If/M = 

[ x when 2 ^ x ^ 5 
Graph and deduce the domain and range of the function. 
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Unit 1: Real Functions and Graphing Curves 



Solution 

The function /is defined on two intervals and f(x) is 
identified by two rules: 



First rule : /j(; c) = 3 - x when -2 < x < 2 i.e. on interval [ -2, 2[ . 

It is up for a linear function represented by a line 
segment whose two ends are the two points (-2, 5) 
and (2, 1) by placing an open circle at 
point (2, 1) because 2 g [-2, 2[ as shown in the figure 
opposite. 

Second rule : f,(x) = x when 2 < x < 5 i.e on interval [2, 5] 

It is up for a linear function represented by a line segment 
whose two ends are the two points (2, 2) and (5, 5) and the 
domain of the function /= [-2, 2[ U[2, 5] = [-2, 5] 

From the graph, we deduce : 

the domain of the function /= [-2, 5] 
the range of the function /= ]1, 5] 

Q Try to solve 




om 



i 




5 If f(x) = 



x - 1 when -2 ^ x < 0 
_ x + 1 when x ^ 0 

Graph the function and deduce its domain and range. 

Deduce the domain and range of each function in the following graphs. 



in the graph 
representing the 
function f, the domain 
of the function = [ a, b] 
the range of the 
function = [c ,d] 
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Real functions 



Identifying the domain of the real functions and the operations on them 

The domain of the function is identified from its definition base or its graph. 



Q Example 



Determining Domain of the function 




Determine the domain of the following real functions defined by the 

3 /i( x )=4— 7T b / 2 W = V - 3 

x z - 9 



next rules: 




c / 3 (x) = tfTT d f 4 ( x) = — i== 

V 3 - x 

^ Solution 

a The function /'! is not defined when the denominator = 0, so we 
place x 2 - 9 = 0 i.e. * = ±3 



The domain of the 
polynomial function 
is the set of real 
numbers when it 
is not defined on a 
subset of it. 



Thus, the domain of the function is M. - {-3, 3} 

signe 

b The domain of the function // is all the values of x which . . *-3 - 

make the value of the number inside the root positive or 
zero. I.e. the values of x which satisfy x - 3 ^ 0 

v jc - 3 SM) x ^ 3 , the domain of the function f 2 = [3 , 00 [ 



C f 3 (x) = 1/ x - 6 , index of the root is an odd number and the domain of / 3 = M. 
d f. is defined when 3 - x > 0 s ' sne 

x-3 

Thus, the domain of / 4 is ]-o°, 3[ 



Notice : 

If/iT) = V g(x) where n g Z + and n > 1, then g (x) is polynomial 
First: When n is an odd number , the domain of the function / = E. 

Second: When n is an even number , the domain of the function/is the set of the values of x such 
that: g(x) ^ 0 

El Try to solve 



7 Determine the domain of the following real functions defined by the next rules: 



./iM = 



2x + 3 



3x + 2 



c . a (x) = y x- 5 



b f 2 (x) = v X - 2 

d L(x) = - 



^ x + 4 

Critical thinking: If the domain of the function / where f(x) = - 
value of K. 



6x + k 



is M. -{3}, find the 
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Unit 1: Real Functions and Graphing Curves 



Activi *y 



Operations on functions 

If/j and/ 2 are two functions whose two domains are tip and m ? respectively, then: 
(fi ±/ 2 ) 0) = /i (x) ±/ 2 W . domain of (/, ±/ 2 ) is m,n m 2 



1 

2 



(/, • / 2 ) 00 = /i 00- / 2 00 , domain of (/,. / 2 ) is m,n m 2 

3 (4-) 00 = G7FT where / 2 00 + 0 domain of (A) is (n^Cl m,) - Z(/)) 

J 2 hw / 2 

where Z (/"-,) is the set of zeros of f 2 

We notice that: in all the previous cases , the domain of the new function equals the 
intersection of the two domains of f x and f 0 except for the values which make / 9 (x) = 0 
in the division operation. 



If 



■ E where J\ (x) = 3x - 1 
* E where /) (x) = x-3 



/, : E 
f 2 : [-2, 3] 

First: Find the rule and domain for each of the following functions: 

a (W.) b (/i-/ 2 ) c AA d (7-) 

J 2 

Second: Calculate the numerical value of each (if possible) : 
a (fi +/ 2 ) (3) b (f x -,/ 2 ) ( -3) c (/, ,/ 2 ) (-2) 

d (/j./ 2 )(2) e (A)(4) f (A)(4) 

E E 






Exercises 1-1 



m 



Choose the correct answer: 

1 The relation shown by the following arrow diagrams which represents a function is 
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2 The relation shown in the following graphical figures which does not represent a function is 
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3 The relation shown by the set of the ordered pairs which does not represent a function is: 
a {(1,3), (3, 5), (5, 7), (7, 9)} b {(2, 3), (3, 4), (2, 1), (3, 5)} 

c {(0,3), (1,3), (2, 3), (3, 3)} cl {(-3, 5), (-1, 5), (0, 5), (2, 5)} 



Answer the following: 

4 If/: X >EandX = {1,2, -2, -3} 

Find the range of the function if fix) - 5x - 3 

5 If g : {1, 2, 3, 4, 5} * Z + where g(v) = 4x - 3 

a Write down the range of the function b if g(£) = 17, find the value of k 



6 From the graph , deduce the domain and range of the function in each of the following: 







x - 1 when 2 < x < 4 

Determine the domain of the function/ where f(x) = < 

[ - 1 when -2 ^ x ^ 2 

Graph the function, then deduce its range. 

8 Graph the function /where : 

( x + 3 when x ^ 2 

then deduce its range. 

2x - 1 when x < 2 



9 lff(x)=\ 2x + 3 

[ 1 - V 



when -2 ^ x < 0 
when 0 ^ v ^ 4 
Graph the function /and deduce its range 




Student book - First term 




PDF Compressor Pro 



Unit 1: Real Functions and Graphing Curves 



10 If/(x) = 



I x + 1 
jx + 2 



when -3 ^ x < 0 
when 0 ^ x ^ 3 



Graph the function/and deduce its range. 



11 If fix) = 

Find : 



-Ax + 3 when x < 3 
- x 3 when 3 ^ x ^ 8 

3x 2 + 1 when x > 8 



a A 2) 



b /( 3) 



12 Trade: The function /, where : 



fix) = 



f x When 0 < x < 5000 

2 X + 2500 When 5000 < x < 15000 

| x + 10000 When 15000 < x < 60000 



c /GO) 



represents the amount of money charged by a company to distribute an electrical appliance 
in L.E. If x represents the number of distributed appliances, find : 

a /(5000) b /( 10000) c /( 50000) 

13 Geometry: If S is the perimeter of a square whose side lengths is i , write the perimeter of 
the square as a function in its side length is (/) then find : 

a S(3) b S (f) 

14 Geometry: If M is the area of a circle whose radius lengths is r, Write the area of a circle as 
a function in its radius lengths r M (r) then find M(^) and M(5). 

15 Determine the domain for each of the following real functions defined by the following 
rules: 



a fix) 
c fix) 



_ x + 3 
x 2 - 5x + 6 

= vGTT 



b f(x) = 4±1 

x J + 1 

d f(x) = f 4 -x 2 
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Monotonty of Functions 




# 



Think and discuss 



The opposite graph shows the 
temperatures recorded in Cairo 
On a day. Observe the change of 
degrees over the time, then find 
using the graph: 

a The periods when the temperature 
decreases. 

b The periods when the temperature 
increases. 

c The period when the temperature is constant. Characteristics of the 
curves help us know the behaviour of the function / and identify 
whether the function fix) is increasing , decreasing or constant. It is 
called the monotony of the function. 




ES 



Learn 



The function /is 

Said to be increasing on the interval ]a , b[ 

If each of x, and x 2 e ]a , b [ 
where: x 2 >x l 
then: f(x 2 ) >/(*/ 
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The function/ is 

Said to be decreasing on the interval ]c , d[ 
If each of x 1 and x, e] c ,d [ 
where: x 2 >x l 
then: f(x 2 ) <f(x l ) 
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The function / is said to be constant on the 
interval ]/ , m[ 

If each of : x l and x 2 e] i , m[ 
where x 2 >x 1 

then :f(x 2 )=f(x l ) 
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You will learn 



► Monotony of func- 
tions. 

► Using graphical 
program such as (Ge- 
oGebra) to graph the 
function curve. 



Key terms 

► Monotony 

► Increasing function 

► Decreasing function 

► Constant function 




Materials 




► Scientific calculator 



► Graphic programs 
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Unit 1: Real Functions and Graphing Curves 

0 Example 

1 Investigate the monotony of the function represented in 
the figure opposite. 

^ Solution 

> the function is decreasing in the interval ]-o°, 0[ 

> the function is increasing in the interval ]0, 2[ 

> the function is constant in the interval ]2, oo[ 

El Try to solve 

1 In the opposite figure: 

Investigate the intervals in which the function is increasing, 
decreasing and constant. 

0 Example 

2 ) Each of the following graphs illustrate the curve of the function/: X > Y. Deduce the 

domain and range of the function , then investigate its monotony 

b c 



^ Solution 

a The domain of /= IE = ] -oo , oo [ , range of / = ] -oo , oo [ the function increases in ]-°° , oo[ 

b The domain of / = ] -oo , 2] U] 2 , +oc [ = ] -qo , co [ , range of /= E 
the function increases in ]-°° , 2[ and also in ] 2 , oo [ 

c The domain of /= ] -o° , 1 [U ] 2 , +oo [ , range of / = ]-=», 4[ 
the function is constant in ] -oo , 1 [ , and decreases in ] 2 , oo [ 
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Monotonty of Functions _ 

13 Try to solve 

2 Deduce the domain and range of the function , then investigate its monotony in each of the 
following graphs: 
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Using the graphical programs to study the properties of the functions 

There are a lot of graphical programs to represent the functions graphically. The free GeoGebra 
for tablets or computers is one of the most famous. 






Activity 



Use the GeoGebra program to represent the function /graphically where : f{x) = x 3 - 3x + 2. 
Find the domain, range and investigate its monotony from the graph. . 



To do this activity, follow the next steps : 



1- Open the algebraic window and the graph 
from G eoGe bra, then press Graphics and 



choose 

Fig (1). 



to reach the shown window in 




2 - In the algebraic window, write the rule of the 
function: f(x) = x 3 - 3x + 2 , then inter (input) as 
follows: 

Then press the curve of the function appears 
in graphical window and the rule of the function in 
algebraic window as shown in Fig (2) 
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3- To determine points on the curve of 

a function , choose A from the tool bar 

o 

V 

then a new point from the menu. Move the 
pointer until it reaches the point determined 
on the curve. Press enter and the point 
will appear on the curve in the graphical 
window and the point coordinate appears in 
the algebraic window as shown in Fig (3). 




From the graph, we find : 

a Domain of/= ] - oo , oo [ and range of / = ] - oo, oo[ 
b The function is increasing in ]- oo , - 1 [ , decreasing in]- 1 , 1 [, 
and increasing in ] 1 , oo[. 

Application 

Use GeoGebra to graph fix) = 3x-x 3 , then investigate the monotony 
of the function from the graph. 




m 



Exercises 1-2 






1 Find the range and investigate the monotony of each of the following functions from the 
following graphs: 
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Fig (D 





Fig (3) 




Fig (4) 
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2 Determine the domain for each of the represented functions in the following graphs, then 
write the range and investigate its monotony: 






3 If/: R, 6] 
fix) : 



4 - x When x < 1 



When 



1 x 6 



Graph the function/, then deduce its range and investigate its monotony. 

4 Use a graphical program to graph the curve of the function /in each of the following , then 
deduce its range and investigate its monotony. 

(x-l) 2 + 1 
-1 

x - 2 



a Kx)=x 2 - 5 


b f(x) = 4 - x 2 


c fix) 


d f(x)=x 3 


e fix) = x 3 - 3x 


f fix) 
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| You will learn 

► Symmetry in curves 
of functions. 

► Even functions 

► Odd functions 



The graph of the function / where y = J{x) may be distinguished by 
geometrical characteristics that can be easily noticed from the graph. 
These characteristics can be used to study the functions and their 
applications. Symmetry around y-axis or around the origin point are of 
the most popular characteristics. 



■ ) Key terms 

► Symmetry 

► even function 

► odd function 



Preface 

You have previously learned the symmetry around a straight line where 
the figure can be folded around the straight line to make the two halves 
of the curve be congruent completely and you have also learned the 
symmetry around the origin point. 




Symmetry around y-axis 
Figure (1) 
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Symmetry around the origin 
point. Figure (2) 



J Materials 

► Scientific calculate 

► Graphic programs 



In figure (1): 

The point (- x , y) which lies on the graph of the function curve is the 
image of point (x , y) which also lies on the same graph by reflection 
around y-axis.. 

In figure (2): 

The graph of the relation between x and y shows the symmetry of the 
curve around the origin point where point (-x, -y) is the image of point 
(x, y) which lies on the same curve. 



Q Try to solve 

1 In the following figures, show which curve is symmetric around 
y-axis and which is symmetric around the origin point. 
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Critical thinking: 

Are curves of all functions symmetric around y - axis or around the origin point only? Explain . 



Even and Odd Functions 



Si Learn 

Even function : It is said the function /: X > Y is an even function if/(- x) - fix), for each 

x , -x e X and the curve of the even function is symmetric around y-axis. 

Odd function : It is said the function /: X > Y is an odd function if /(- x) = - fix), for each 

x , -x e X and the curve of the odd function is symmetric around the origin point. 

Notice : A lot of functions are neither even nor odd. 

When you investigate the type of the function whether it is even or odd , the condition of 
belonging the two elements x and -x to the domain of the function should be satisfied. If this 
condition is not satisfied, the function is neither even nor odd without finding /(-x) 



Example 




Investigate the type of the function /in each of the following and show whether it is odd or 
even. 



a fix) = x 2 b fix) = x 3 c fix) = Vx +3 d fix) = cos x 

^ Solution 

a fix) = x 2 , and the domain of f = 11 

for each x and -xeH, then/(-x) = (-x) 2 = x 2 

thus :/(-x) = fix) .'./is even function 

b fix) = x 3 , and the domain of / = IE 
for each x and -xel, then: /(-x) = (-x) 3 = - x 3 

thus :/(-x) = -fix) f is odd function 

Important remark : 

The function /: IE > IE and fix) = ax n where a / 0 and nes is called exponential 

function. The function is even when n is an even number and is odd when n is an odd 
number. 
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c fix) = / x + 3 , and the domain of / = [-3 , oo [ 

Notice that 4 e [-3 , °° [ while - 4 g [-3 , °° [ 

The function is neither even nor odd. 

d fix) = cos x , and the domain of / = M 

.'.for each - x and xel, then f(-x) = cos (-x) = cos x 
I.e./(-x) =/(x) / is an even function 




sin (-x) = - sin x 
cos (-x) = COS X 
tan (-x) = - tan x 



El Try to solve 

2 Investigate the type of each function in the following functions and show whether it is even, 



odd or otherwise. 






a f(x) = sinx 


b fix) = x 2 + cos x 


c fix) = x 3 - sinx 


d fix) = x 2 cos x 


e fix) = x 3 sinx 


f fix) = x 3 cosx 


9 fix) = x 3 + x 2 


h fix) = sinx + cosx 


i fix) = sinx cos x 


What do you infer ? 







Important properties : 



If each of f\ and f 2 are even functions and each of gj and g 9 are odd functions, then : 

1 ) f l +f 2 is even function 2 ) g 2 + g 9 is odd function 

3) /jX / 2 is even function 4) g x g 9 is even function 

5) /p g 9 is odd function 6) / + g 9 is neither even nor odd 

Use these properties to verify your answers in Try to solve. 

Q Example 

2 Each of the following graphs illustrates the curve of the function/. Determine whether the 
function is even, odd or otherwise, then check your answer algebraically. 
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^ Solution 
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a /(x) = x 3 + x, from the graph of the function/, we notice that : 

The domain of / = M, and the curve of the function is symmetric around the origin point. 
I.e. the function is odd 

v each of x e IE and -rel f(-x ) = (- x) 3 + (- x) 

By simplifing : f(-x) = - x 3 - x 

take off (- 1 ) a common factor /(-x) = - (x 3 + x) 

f(-x) = -fix) 

I.e. the function is odd. 

b /(x) = 2 - x 2 , from the graph of the function/, we notice that: 

the domain of /= [-2, 2] and the curve of the function is symmetrical around y-axis . I.e. 
the function is even 

V each of re [-2, 2] and -x e [-2, 2] .\ /(-x) = 2 - (-x) 2 

By simplifying /(-x) = 2 - x 2 

/(-*) = fix) 

I.e. the function is even 

c fix) = x 2 - 4x , from the graph of the function/, we notice that : 

the domain of /= M, and the curve of the function is neither symmetric around y-axis nor 

around the origin point. I.e. the function is neither even nor odd. 

xel: 

v Each of x g M. and -xel .'. /(-x) = (-x) 2 - 4 (-x) 

By simplifying /(-x) = x 2 i 4x / fix) /is not an even function 

But -/(x) = -x 2 + 4x 

Then /(-x) / - fix) /'is not an odd function 

I.e. the function is neither even nor odd. 

El Try to solve 

3 Tell whether each of the functions represented in the following figures is even, odd or 
otherwise. 
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From the graph, the curve is symmetric around y-axis. I.e. the function is even. 



Q Try to solve 

4 Represent the function / where / ( x ) 



x + 2 when x ^ -2 

graphically. 

- x -2 when x < -2 



then show whether the function is even, odd or otherwise. 




Fig (D 



Fig (2) Fig (3) 
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Fig (5) 
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Fig (6) 



2 Find the range of each function and tell whether it is even, odd or otherwise. 
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Fig (a) 
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Fig (b) 




Fig (c) 




Fig (d) Fig (e) 
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Fig (f) 



3 Tell whether the function /is even , odd or otherwise. 

a fix) = x 4 + x 2 -l b f(x) = 3x-4i 3 c f(x) = x 3 - ^ 

d fi x ) = x 2 - 3x e f( x ) = x3 + 2 f fix) = x cos x 

x - 3 

4 If f\,f 2 and / are three real functions where f { (x) = x 5 ,fi(x) = sin x and ffix)- 5x 2 , 
tell which of the following functions is even, odd or otherwise. 

*/,+/, b /, + / 3 »/,*/, «/ 3 */ 2 
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5 Graph the curves for each of the defined functions, then tell whether it is even, odd or 
otherwise and investigate its monotony. 



a /(*)=. 


' 2 


when 


x > 0 


ii 

-Q 


- X 


when 


x^O 




. -2 


when 


x < 0 




. x 


when 


x < 0 


II 

o 


x - 1 


when 


x^O 


d JU) = . 


X + 1 


when 


x^O 




. lx 


when 


x < 0 




1 - X 


when 


x < 0 



6 Answer the following using the next graphs : 




Fig (1) Fig (2) 




Fig (3) 
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Fig (4) 



First: Complete the graph in figures (1) and (3) in your notebook to get an even function on 
its domain. 

Second: Complete the graph in figures(2) and (4) in your notebook to get an odd function 
on its domain. 

Third: Determine the domain and range of the function in each case , then investigate its 
monotony 
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Polynomial functions 

You have previously learned the polynomial function whose base is in 
the form: fix) = a (| + a { x + a 7 x 2 + a 3 x 3 + ... + a n x n 

where : a 0 , a { , a 2 , a 3 , , a n e K, , a n / 0 and n e M 

You knew that the domain and co-domain are the set of the real numbers 
R ( or a subset of it). As a result, these functions are called polynomial 



You will learn 




► The polynomial func- 
tions (linear function 
- quadratic function 
and cubic function) 



► The absolute value 
function. 



functions of n degree. The degree of a polynomial is the highest power 



► The rational function 



of the independent variable x. 

Notice: 

1 - lff(x) = a Q and a () / 0 then/is called a constant polynomial function. 

2 - The polynomial functions of the first degree are called linear 
functions, of the second degree are called quadratic functions and 
of the third degree are called cubic functions. 

3 - Adding or subtracting functions of different powers and constants, 
we get a polynomial function. 

4 - Zeros of the polynomial function are the x-coordinates of the 
intersecting points of its curve with x-axis. 



► using the geometrical 
transformation of the 
function f to graph 
the curves 

y = fix) + a 
y = fix + a) 
y = fix + a) + b 

y = -m 
y = a/ (x) 
y = a fix + b) + c 

► Transformation of 
some trigonometric 
functions. 



Key terms 




Graphing the curves of the functions. 



First: Polynomial functions: 




Learn 



Here is the graphical representation of some polynomial functions : 

1) The simplest form of the linear 
function is : 

fix) = x 

it is a function /that joins the number 
itself and a straight line passing 
through point (0, 0), and its slope = 1 
represents it. 

(Check: the range of / = M. , / is odd 
and /is increasing in M,). 




► Transformation 

► Translation 

► Reflection 

► Vertical 

► Horizontal 

► Asymptote 



Materials 

► Scientific calculator. 

► Computer 

► Graph program 
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2 ) 



The simplest form of the quadratic function /is : 

AX) = A~ 

the quadratic function joins the number with its square. It is 
represented by an upward open curve, symmetrical around 
y-axis and the vertix point of the curve is (0, 0). 

(Check: the range of /= IR, /is even, /is decreasing at ]-o°, 0[ 
and increasing at ]0, +o° [ ) 




3 ) The simplest form of the cubic function/ is: 

fix) = x 3 

The cubic function joins the number with its cubic. 

It is represented by a curve whose symmetrical point is (0, 0). 
(Check: the range of /= M. ,/is odd and /is increasing in M.) 
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Example 



4 Graph the function/where: 

( x 2 when x <2 
4 when x > 2 

^ Solution 

1 ) When x <2 and fix) = x 2 
We graph f(x) = x 2 for each x 
Place an open circle at point (2 




Fig (D 



2 ) when x > 2 and f(x) = 4 

We graph the constant function//) = 4 for each x e]2,°° [ 
on the same graph fig (2) 

Notice that the domain of the function / = E, - {2} 
and the range of / = [0 , o°[ 




Fig (2) 
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13 Try to solve 

1 Graph the function /where: 

( . x 2 when x < 0 

then deduce the range of the function and investigate its monotony. 

x when x ^ 0 

Learn The Absolute Value Function 

the simplest form of the absolute value function is: 

fix) = Ixl, x e 3E 

It is defined as: 

x when x ^ 0 

fix) = 1 

l - x when x < 0 
Notice: I - 31 = 131 = 3 , 101 = 0, Si- W = SS? = 2 

i.e.: Ixl ^ 0 , l-x I = Ixl , V x 2 = Ixl 
The function /is represented by two rays starting at point (0, 0) , the slope of the first = 1 and 
the slope of the other = -1. 

(Check: the range of / = [0 , o°[ , f is even, /is decreasing in ]-o° , 0[ and is increasing in 

]0, oo [ ) 

E5 Learn Rational Function 

the simplest form of the rational function is: 




fix) = — , x e IE - {0} 

x 



the function / joins the number with its multiplicative 
inverse. It is represented by a curve whose symmetrical 
point is (0,0). The curve consists of two parts one of 
them lies on first quadrant and the other lies on third 
quadrant and each part approaches the two axes and 
doesnot intersect them 

(x = 0 and y = 0 are two approaching lines of the curve) 

(Check: The range of /= R - {0},/ is odd, / is decreasing 
in ]-oo, 0[ and is decreasing in ]0, oo [ ) 




| Try to solve 




( Ixl when x < 0 

-L when x > 0 

x 

From the graph, find the range and investigate the monotony of the function. 
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Geometrical transformations of the function curves 
First : vertical translation of the function curve 



Work together 

Work with your classmate 

1 ) Graph the curve of the function/://) = x 2 using 

Geogebra. 

2 ) Place the pointer on the curve vertex and drag 
it vertically upward for one unit. Notice the 
change of the function rule to express a new 
function whose rule is: 

fix ) = x 2 + 1 as shown in figure (1). 

3 ) Drag the curve vertex of the function to the 
points (0 , 2) and (0,3) then record your 
observations each time. 

4) Drag the curve of f{x) - x 2 vertically downward 
for two units and notice the change of the 
function rule to express a new function whose 
rule is : f{x) = x 2 - 2 as shown in Figure (2) 

Think : Show how f{x) = x 2 - 5 can be graphed 

using the curve of fix ) = x 2 ? 

Of the previous, we can notice that : 

If fix) = x 2 , g(x) = x 2 + 1 and hix) = x 2 - 2 , then : 

1 ) The curve of g(x) is the same curve of fix) by 
translation of a magnitude of one unit in the 
positive direction of y-axis. 

2 ) The curve of h(x) is the same curve of fix) by 
translation of a magnitude of two units in the 
negative direction of y-axis. 

Critical thinking : Use the curve of fix) = x 3 to 

show how the following curves can be graphed: 
a g(x) = x 3 + 4 b 






hfx ) = x 3 - 5 




Learn 



drawing the curve of y = f(x) + a 



For any function f the curve of y = fix) + a is the same curve of y = fix) by translation of a 
magnitude of a unit in the direction of oy when a > 0 and in the direction of oy' when a < 0. 
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Example 

5 The opposite figure shows the curves of the functions/, g 
and h where each of g and h are an image of the function 
/ by a vertical translation . Write the rules of g and h . 

^ Solution 

V The curve of the function g is the same curve of the 
function/ by translation of a magnitude of three units in 
the direction of oy' 

gW = fix) - 3 v/(x) = Ixl g(x) = Ixl - 3 

V the curve of the function h is the same curve of the function/ by translation of a magnitude 
of two units in the direction of oy 

h (x) = /(x) + 2 v/(x) = Ixl h (x) = Ixl + 2 

Q Try to solve 

3 The given figures show the curves of the functions /, g and h where each of g and h are the 
image of the function/ by a vertical translation . Write the rules of g and h in each figure. 






C 




Second : Horizontal translation of the function curve: 



ry Work together 

Work with your classmate: 

1 ) Graph the function /:/(x) = Ixl using GeoGebra 



by writing the rule of the function in the enter 
box as follows: abs(x) and press enter then 
the curve of the function will appear in the 
graphical window and its rule is /(x) = Ixl in 
the algebraic window as in Fig (1) 





Student book - First term 




PDF Compressor Pro 



Unit 1: Real Functions and Graphing Curves 



2 ) Drag the curve of the function horizontally 
in the positive direction of x-axis for a 
number of units and notice the change of 
the function rule in the algebraic window as 

in Fig (2) 

3 ) Drag the curve of the function in the negative 

direction of x-axis for a number of units as 
in Fig (3) What do you notice? 

Think: Show how the two curves of the 
functions g and h are graphed using the curve of 
the function/ where f{x) = hi , g(x) = \x - 51 and 
h(x) = h + 41. 





Learn 

Graphing the curve of y = /( jc + a) 

For any function/, the curve of y = fix + a) is the same curve of y = fix) by translation of a 
magnitude a of units in the direction of ox when a < 0 and in the direction of 0 x' when a > 0. 



Notice : In the figure opposite : f(x) = hi: 

1 ) The curve of the function g is the same 
curve of the function / by translation 
of a magnitude of three units in the 
direction of ox 

g(.i') = h - 31 and the starting point of 
the two rays is (3, 0) 
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2 ) The curve of the function h is the same curve of the function/by translation of a magnitude of 
two units in the direction of ox' 

h(x) = h + 21 and the starting point of the two rays is ( -2 , 0) 



<S> Example 

6 Use the curve of the function/ where /(x) = x 2 to represent each of the two functions g and h 
where: 

a g(x) = (x - 2) 2 b h{x) = (x + 3) 2 
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^ Solution 




b 




> The curve of g(x) = (x - 2) 2 is the same 
curve of f(x) = x 2 by translation of 2 
units in the positive direction of x -axis 
and the vertex point of the curve is 
( 2 , 0 ). 



> The curve of h(x) = (x + 3) 2 is the 
same curve of flx) = x 2 by translation 
of 3 units in the negative direction of 
x -axis and the vertex point of the 
curve is (-3 , 0). 



El Try to solve 

4 Use the curve of the function / where j{x) = x 2 to represent each of the two functions g and 
h where : 

a g(v) = {x + 4) 2 b h(x) = (x - 3) 2 

5 Write down the rule of the function/represented graphically in the following graphs : 
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Critical thinking : If f(x) = x 2 , show how the curve of the function g where g(x) = (x - 3) 2 + 2 
can be graphed. 

Graphing the curve of y = f(x + a ) + b 



Of the previous , we deduce that : The curve of y =f(x + a) + b is the same curve of y =f(x) by 
horizontal translation of a magnitude of a of units ( in the direction of ox when a < 0 and in 
the direction of 0 x' when a> 0) , then vertical translation of a magnitude of b of units 
( In the direction of oy when b > 0 and in the direction of oy' when b < 0). 
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Q Try to solve 

6 Use the curve of the function/ where /(x) = x 2 to represent each of the two functions g and 
h where : 

a g(x) = (x + 2) 2 -4 b h(x) = (3 - x) 2 - 1 



# Example 



Applying the geometrical transformations on graphing the function 
curves 



1 



1 



7 Graph the curve of the function g where g(x) = 
and investigate its monotony from the graph 

^ Solution 

The curve of the function g is the same curve of 

the function / where f(x) = — by translation of a 

x ► 

magnitude of one unit in the direction of ox 

(a = -1 < 0), then translation of a magnitude of 

three units in the direction of OY and the point of 

symmetry of the function curve g is the point (1,3) 

and the range of g = IR - { 3} 

Monotony of the function g: 

g is decreasing in ] - 1[ and also decreasing in ] 1 



3, then determine the range of the function 



[ 




Critical thinking : Can it be said that /(x) 



1 

x-2 



3 is decreasing on its domain ? Explain. 



Q Try to solve 

7 Use the curve of the function /where fix) = — and x / 0 to represent each of the following: 

x 

a gix) = 1 + 1 b h(x) = 2 *~ 3 

x + 2 x-2 

8 Write down the rule of the function represented graphically by the following graphs: 
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Remark: The curve of f(x) = x 2 + 4x + 1 can be graphed using the vertical and horizontal 
translation of the curve g(x) = x 2 as follows. 
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fix) = x 2 + 4x + 1 by completing the square 

= (x 2 + 4x + 4) - 3 * * 

= (x + 2) 2 - 3 

i.e. the curve of the (given) function/is the same curve i..i i..i 
of the function g where g(x) = x 2 by translation of a 
magnitude of two units in the direction of ox' , then 
three units in the direction of oy' • The opposite figure 
shows that. 

Application : Graph the curve of the function fix) = x 2 + 6x + 7 using the vertical and horizontal 
translation of the function g(x) = x 2 , then investigate the monotony of the function f. 




Third: The reflection of the function curve on x-axis 

The following grphs illustrate the reflection of the curves of some standard functions on x-axis. 





What do you notice? What do you infer ? 




Learn 



Graph the curve of y = -fix) 

for any function /, the curve of y = - fix) is the same curve of y = fix) by reflection on x-axis. 



Example 



Applying the geometrical transformations on graphing the 
curves 



8 Use the curves of the standard functions to graph the functions g, h and z where: 
a g(x) = -(x - 3) 2 b h( x ) = 4 - lx+31 c 

^ Solution 

a The curve of g(x) is the reflection of the curve of fix) = x 2 
on x-axis, then horizontal translation of a magnitude of three 
units in the direction of 



ox , and the vertex point of the 
curve is (3 , 0) and the curve is open downward . 
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b The curve of h(x) is a reflection of the curve of fix) = hi 
on x-axis, then horizontal translation of a magnitude of 3 
units in the direction of ox' and vertical translation of a 
magnitude of four units in the direction of oy . The 
starting point of the two rays is point (-3 , 4) and the curve 
is open downward. 

c The curve of z(x) is a reflection of the curve of fix) = — 

x 

on x-axis, then horizontal translation of a magnitude of 
three units in the direction of ox and vertical translation 
of a magnitude of two units in the direction of oy and the 
symmetrical point of the curve is (3, 2). 

Q Try to solve 

9 Graph the curve of the function g in each of the following 
where: 

a g(x) = 3 - (x + l) 2 b g(x) = -(x-3) 3 c g(x) = 3 - be - 51 

Check your graph using a graphical program or the graphical calculator. 
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Fourth: Expanding the curve of the function 



k Work together 

Graphing the curve of g(x) = a f(x) 
work with your classmate. 

1 ) Graph the curve of the function / : f(x) = x 2 using 
GeoGebra and type the function rule in the input box 
as follows: 

*®®® ^ 



0- A abc *3* 




A new window will appear (Figure 1) 

Select Create sliders 

2 ) Use the pointer of a values to select new values where 
1 < a and notice the motion of the function curve with 
respect to the curve of the function /for each x e IE as 

in figure (2) and when 1 > a as in figure (3) 

What do you notice ? what do you infer ? 
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Learn 



Graph the curve of y = a/(x) 

For any function / , the curve of y = a f(x) is a vertical 
stretch of the curve of y = j(x) if a > 1 and vertical shrinking 
of the curve of y = f(x ) if 0 <a < 1 . 

# Example 

9 Use the curve of the function / where fix) = Ui to 
represent each of the two functions g and z. 
a g(x) = 2 Lrl b z(x) 



0- A •' - ABC * 




=2\x -71 + 2 



^ Solution 

a The curve of g(x) is a vertical stretch of 
the curve of the function /whose factor 
is a = 2 > 0. Thus, for each (x , y) ef 
and (x, 2 y) e g 

b The curve of z (x) is the same curve 
of g (x) by horizontal translation of a 
magnitude of 7 units in the direction 
of ox and vertical translation of a 
magnitude of 2 units in the direction of 




oy • 



Q Try to solve 

1 0 Use the curve of the function/ where fix) = x 2 to represent the two functions g and z : 
a g(x) = -^x 2 b z(x) = 2- x-5 ) 2 

Check your graph using a graphical program or calculator , then determine the range of the 
function z and investigate its monotony. 



Activity 

> Applying the geometrical transformations which you have learned in the previous algebraic 
functions on the sine and cosine functions. 



Trigonometric functions 

First: translation in the direction of x-axis: 

1 ) Use GeoGebra and prepare programs in a way that the graduation on x-axis is in radian, this 
can be done by doing a (right click ) on the mouse and choose the last line of x-axis and 
choose the graduation system (71). 

2) At the bottom of the program , type the order sin (x) then press (enter) then you get the shape 

of the red curve. 
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You can control the color and thickness of the curve by pressing the mouse (left click), the color, 
thickness and the type of the line-doted, slash or connected will appear upward the window. 

3 ) Use the same way and type the order sin (x + (3/71)) i.e.: y = Sin (x + JL), then press (enter) 

3 

and color the curve in a different color. 



4 ) Compare the two curves. What do you notice? 

From the graph, we deduce that: 

The curve of the sine function is translated 
horizontally to the left side on x-axis with a 
magnitude equals — (as in real function), we 
notice that the range of the constant function 

. ! is the same range of the function Sin x . We also notice that the function 

Sin (x + ^k) is neither even nor odd because there is not symmetry to its curve around y-axis 
or origin point. 




3 .*]>] • . >][0]0, A X, 



rtn 
Function 

• »(■) = •«(■) 

• g(x) = «,(*) + 2 



ft) [ - 1 Gnpm cs 

c - 



Think : What do you expect about the direction of the x-translation if the rule of the function is 

sin (x - JL) ? 

3 

Second: translation in the direction of y-axis 

1 ) Graph the curve of the function /where y = sin x. 

2 ) Graph the curve of the function g(x) where g(x) = sin x + 2 

in different color, then compare the shape of the two curves. 

What do you notice? 

From the graph , we infer that: 

The curve of the second function is the same curve 
of the function sin(v) after translating it in a 
magnitude of 2 units upward. We notice that the 
range of the second function is [1 , 3 ]: because 
it is translated in a magnitude of 2 units in the 
positive direction of y-axis from the first function 
and the function sin x + 2 is neither even nor odd. 

Critical thinking : 

In each of the following 
graphs : describe the geometric 
transformations of the curve of 
the function /which graphs the 
curve of the function g, then 
write the rule of the function 
g, determine its range and 
investigate its monotony. 
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Exercises 1-4 






1 Graph the curve of the function / , then determine its range and investigate its monotony 



II 

n: 


[ Lxl 


when 


x<0 


ll 

'h 

-Q 


[ 4 


when 


x < -2 




[ x 2 


when 


x > 0 




ix 2 


when 


-2 


II 

o 


[ X 3 


when 


x < 1 


d fix) = J 


f 4- 


when 


x < 0 




l 1 


when 


x > 1 


1 


[ Lxl 


when 


x > 0 



Choose the correct answer: 

2 The curve of g(x) = x 2 + 4 is the same curve ofj(x) = x 2 by translation of a magnitude of 4 
units in the direction of : 



a ox 



ox 1 



c 0 y d oy' 

3 The curve of the function g(x) = Lx + 31 is the same curve of fix) = Lxl by translation of a 
magnitude of 3 units in the direction of: 

a ox b ox ' c 0 y d oy' 

4 The curve vertex point fix) = (2 - x) 2 + 3 is : 

a (2,3) b (2,-3) c (-2,3) d (-2,-3) 

5 The symmetry point of the curve of the function fix) = 2 - (x +1) 3 is : 

a (1,2) b (-1,2) c (2,1) d (2,-1) 

6 The symmetry point of the curve of the function /where fix) = — - — + 4 is : 

x - 3 



a (3,-4) 



b (-3,-4) 



c (3,4) 



d (-3,4) 



Answer the following: 

7 Graph the curve of the function / where 
f(x) = x 2 then translate in the direction of the 
two coordinate axes x and y as shown in the 
opposite figure. 

Write down the rule of the following funcitons: 
> g , h and z. 
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8 In the figure opposite : Graph the curve of the 
function /where fix) = x 3 , then translate in the 
direction of the two coordinate axes x and y. 

Write down the rule of each of the following 
functions: 

> g , h and z 




9 In the figure opposite : Graph the curve of the 
function / where fix) = \x\ then translate in the 
direction of the two coordinate axes x and y. 

Write down the rule of each of the following 
functions : 

> g , h and z 




1 0 Graph the curve of the function /where fix) = — , , then translate in the direction of the two 
coordinate axes x and y. 

Write down the rule of each function which the following curves represent: 

a be 




1 1 Use the curve of the function /where fix) = x 1 to represent the following graphically: 

a ffx)=x 2 -4 b f 2 ix) = ix-3) 2 c / 3 (x) = 0 - l) 2 - 2 

12 Use the curve of the function/ where fix) = l.vl to represent the following graphically: 

a /' ix) = l.il + 1 b Ji(x) = \x + 21 c f(x) = \x - 31 - 2 

> Then find the coordinates of the intersecting points of the curves with the two 
coordinate axes. 
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13 Use the curve of the function /where fix) = x 3 to represent the following graphically : 

a ./|W = fix) - 3 b fix) = f(x -2) c f(x) = f(x + 3) + 2 

> Then determine the symmetry point of the curve of each function. 

14 If the function /where fix) = — graph the function h and determine the symmetry point of 

X 

the function curve : 

a gix) = fix - 3) b g ( x ) = fix) + 2 c g (x) = J[x - 2) + 2 

15 Use the curve of the function / where fix) = x 2 to represent the following graphically : 

a fi(x) = 4-x 2 b f 2 ix)= -ix-3) 2 c f 3 ix) = 2-(x+3) 2 

16 use the curve of the function /where fix) = Lvl to represent the following graphically. 

a ffx) = 2 - \x\ b fix) = -\x +51 c fix) = 4 - \x -21 

d fix) = 2\x\ e f(x) = -2 fv - 1 1 f fix) = 5 - 2 lx +21 

17 Graph the curve of the function /in each of the following using the proper transformations, 
then investigate its monotony. 



a 



,/'iW = 




when 

when 



x^O 
x < 0 



b fiS x ) = 



x 2 + 1 when - 4 < x < 0 
- x 2 - 1 when 0 < x ^ 4 



18 Industry : An iron gate whose two sides are 3 meters high and 
its arc is in the form of a part of the curve of the function / : 
fix) = a ( x -2) 2 + 4 has been designed as shown in the opposite 
figure, find: 

a Value of a b Maximal height of the gate 

c Width of the gate 




19 Trade : A dealer pays 50 L.E for each ton getting in or out of his warehouse for loading or 
unloading the goods, write down the function representing the cost of loading or unloading, 
then represent it graphically. 

20 Urban communities : rectangle-like pieces of land are specialized for youth housing in a 
new urban community. If the length of each is x meter and the area is 400 m 2 . 

a Write down the rule of the function/which shows the width of the piece of land in terms 
of its length, then represent it graphically. 

b From the graph, find the width of the piece of land whose length is 25 meters, then check 
algebraically. 
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| You will l earn 

► Solve the modulus 
equations graphically. 



First: Solving equations 

Think and discuss 



► Solve the modulus 
equations algebrai- 
cally. 

► Solve the modulus 
inequalities graphi- 
cally. 

► Solve the modulus in 
equalities algebrai- 
cally. 

► Model problems 
and life applications 
to solve using the 
modulus equations 
and equalities. 



In one figure, represent the two curves of the two functions / and g 

where /is a modulus function and g is a constant function graphically. 

Notice the graph , then answer: 

a How many probable intersecting points are there for the two 
curves of the two functions together ? 
b Do the ordered pairs satisfy the rule of each function of both 
functions if the intersecting points of the two curves are found 
together? 

Notice : 

1 ) At the intersecting points (if found) , fix) = g(x) , and vice versa for 
each x belong to the common domain of both functions. 

2 ) For any two functions / and g, the solution set of the equation 



fix) = g(x) is the set of x-coordinates of the intersecting points of their 



two curves as shown in the following figures: 



■ } Key Terms 

► Equation 

► Inequality 

► Graphical solution 




Solution set = </> 
Solve the equation 




Solution set = {a, b} 



I a x + bl = c 




Solution set = {a} 




Materials 



► Graphica calculator 

► Graph paper 

► Graphic programs 



Example 

1 ) Solve the equation : lx - 31 = 4 algebraically and graphically. 



^ Solution 

Let fix) = lx - 31 and g(x) = 4 
1) Graph the curve of the function 
fix) = lx - 31 by translating the 
curve of fix) = Ixl 3 units in the 
direction of ox 
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2) On the same figure , graph g(x) = 4 where g is a constant function represented by a straight 
line parallel to x-axis and passing through point (0, 4) 

V The two points intersect at ( -1 ,4) and (7 , 4) 

The solution set is {-1,7} 

Algebraic solution : 

From the definition of the modulus function : f(x ) = 

When x > 3 : x-3 = 4 
When x ^ 3 : - x + 3 = -4 

The solution set of the equation is { - 1 , 7 } this matches with the graphical solution. 

El Try to solve 

1 Solve each of the following equations graphically and algebraically. 



Jx - 3 


when 


x^3 


t-x + 3 


when 


x< 3 


i.e. : x = 


7 e ]3, 


oo[ 


i.e. : x = 


-1 G ] - oo 


, 3] 



a Id -4 = 0 



b Id + 1=0 



c lx-71 



Some Properties of the Absolute Value 

iJ' Learn 

1 ) labl = lal x Ibl for example : 

12 x - 31 = I - 61 = 6 and 121 x I - 31 = 2 x 3 = 6 

2) la + bl < lal + Ibl 

The equality happens only when a and b have the same sign. For example 
14 + 51 = 141 + 151 = 9 et I - 4 - 51 = I - 41 + I - 51 = 9 

3) la - x\ = \x - al 



Notice : 

1) If Ld = a 

2) If I a I = Ibl 

3) lxl 2 =lx 2 l = x 2 



then x =a 
then a = b 



or 



or x = -a for each a e M. 
a = - b for each aeHTel 



Solve the equation: la x + bl = Ic x + dl 

# Example 

2 Solve the equation lx - 31 = I2x + II graphically. 

^ Solution 

Let fix) = \x -31 and g(x) = 12 x +1 1 
The curve of / is the same curve of Ixl by 
translation of a magnitude of 3 units in the 
direction of ox . 
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v g(x) = I 2x +1 1 = 12 (x + ^ ) I 
g(x) = 2 I x + ^ I 

The curve of g is the same curve of 2 Id by horizontal translation of a magnitude of y unit in 
the direction of ox' and the intersecting points of the two curves of the two functions /and 
g are (-4,7) and (| , |) 

9 

The solution of the function is {-4 , = } 

Q Try to solve 

2 Solve each of the following equations graphically. 

a be + 71 = \2x + 31 b | % - 21 + I x - 1 1 = zero 



Q Example 




Find the solution set for each of the following equation algebraically: 
a be + 71 = be -51 b J x 2 + 6x + 9 =19-2x1 



^ Solution 

a lx + 71 = lx - 51 



x + 7 = x - 5 
orx + 7 = - x + 5 
x = - 1 



x + 7 = ± (x - 5) 
but 7 / -5 (impossible), 
i.e : 2x = - 2 

i.e. the solution set is { -1} 




if a, b e IS and 
lal = Ibl 
then a = ± b 



Check: 

by substitution x = - 1 in the two sides of the equation, we find : 
Right side = left side = 6. i.e. the solution set is { - 1} 



b v J x 2 - 6x + 9 = 19 - 2x1 

7 (X - 3) 2 = 19 - 2x1 i.e: lx - 31 =19- 2x1 

then : x - 3 = ± (9 - 2x) For any real number 

.’.x-3 = 9 - 2x , 3x = 12 i.e. x = 4 a: = | a | 

or x - 3 = -9 + 2 x , x = 6 

By substituting the values of x in the two sides of the function 
When x = 4 right side = left side =1 x = 4 is the solution of the equation 
When x = 6 right side = left side = 3 x = 6 is the solution of the equation 
I.e. The solution set of the equation is : { 4 , 6 } 
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Solving absolute value equations and inequalities 




Q Try to solve 

3 Find the solution set for each of the following equation algebraically: 



a U- II - 2 12 - jcI = 0 



b 



x l - 4x + 4 



Second : Solving the inequalities 

You have previously learned the inequalities and known that they are mathematical phrases 
containing one of the symbols :(<,>, , ^). Solving the inequality means that you find the 

value or the set of values of the variable which satisfy the inequality and make it true. 



Solving the inequalities graphically 

The opposite figures shows a curve for each of the two 
functions/and g where: y 1 =f(x) and y 9 = g(x) 
and the solution set of the equation fix) = g(x) is {a , b} 
I.e.: yj = y 0 when x = a or x = b 
We notice: y, < y 2 i.e. fix) < g (x) when x e ]a , b[ 




y } > y 2 i.e. fix) > g (x) when x e ] - oo , a[ U] b , oo[ 



# Example 
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Solution set of inequality 

lx +21 < 2 
is : ] -4 , 0[ 



Solution set of inequality 

12 x + 61 ^ 4 
is : ]- oo , -5] U [ -1 , oo [ 
i.e.: R - ]- 1 , 5[ 



Solution set of inequality 

lx -2K3 
is: [-1 ,5] 



U Try to solve 

4 Find the solution set of the following inequalities using the graphs in example (7): 
a lx + 2K 2 b |2 x + 6K 4 c | A - - 21 > 3 
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Solving the inequalities algebraically 




Learn 



First: if Ixl < a and a > 0 
Second: if hi ^ a and a > 0 



then -a ^ x ^ a 
then x a or x < - a 



& Example 

(5 Find the solution set of the following inequalities in the form of an interval: 
a h - 31 < 4 b 7*2-2* + ! ^ 4 



^ Solution 



aj v lx - 31 < 4 i.e.. - 4 < x - 3 <4 Adding 3 to inequality 
-4 + 3<x-3 + 3<4 + 3 i.e. -l<x<7 

.\ the solution set = ] - 1 , 7[ 

b v 7 (* - l) 2 = I* - 1 1 i.e. lx — II >4 

.\x-l>4 , x>5 orx-l>-4 , x ^ - 3 
xel-] -3 , 5[ 

.\ the solution set of the inequality is ] - °° , - 3] U [5 , o°[ 



| Try to solve 




for a , b and c 

if: a < b , b < c then 
a < c 

if: a < b then 
a + c < b + c 
a c < b c when c > 0 
a c > b c when c < 0 




Find the solution set of the following inequalities in the form of an interval : 
a lx - 71 < 1 1 b 13* + 7|< 8 c J x 2 -6x + 9 



>8 



Critical thinking : Write down each of the following in the form of the absolute value inequality: 
a 4 < x < - 4 b x ^-2,x> 2 c 0 < x < 6 



Life applications 
# Examp,e Meteorology 

6 A meteorological station has recorded the temperature of Cairo on a day. If the temperature 
has been 32° in difference 7° from its normal rate on that day. What is the expected 
temperature recorded in Cairo on that day ? 

^ Solution 

Let the temperature expected to be recorded in Cairo on that day = x° 

.-. lx - 321 = 7 i.e. x - 32 = ± 7 




General mathematics book - Arts Section - second secondary grade 




PDF Compressor Pro 




then x = 32 + 7 = 39 or x = 32 - 7 = 25 

i.e. the temperature expected to be recorded is 39° or 25° 

El Try to solve 

6 Athletic medicine : Basm's weight differs from his ideal weight for 5kg. What is his 
probable weight if his ideal weight is 60 kg.? 

(6 )Exam,le Want ads jobs 

7 A natural gas company employs the counter readers if their lengths range between 178 cm to 
192 cm . Express the possible lengths to those who take up this job using the absolute value 
inequality. 

^ Solution 

Let the length of the person taking up the job = v cm 
.-. 178 < 192 

By adding - 185 to the parts of the inequality : 

178 - 185 < x - 185 < 192-185 

-7 <x-185< 7 le. be- 185 1 <7 

Q Try to solve 

7 Write down the absolute value inequality which expresses the marks of a student in an exam 
that range between 60 to 100 marks : 




w 



Activity 



Using the functions in solving life and mathematical 



problems 

Notice: If a light ray falls on a reflective surface whose pathway 
is subjected to the modulus function . The measurement of 
incidence angle equals the measurement of reflection angle. 

In addition , the pathway of the billiard 
ball before and after colliding it against the 
table edge. 

The figure opposite illustrates that 
the billiard player kicks the black 
ball considering ox and oy the two 
perpendicular coordinates and the ball's 
pathway follows the curve of the function f 
where: fix) = j \x - 51. Does the black ball fall 
in pocket B? Explain mathematically. 



Angle of 


Angle of 


incident 


reflection 


mirror %* 


X / 


/////////// n 


r n u u f n n 




8 units 
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Exercises (1 - 5) 



Complete : 

1 The solution set of the equation 1*1 = ^ is 

2 The solution set of the equation l.rl + 3=0 is 

3 The solution set of the inequality h - 21 ^ 0 is 




Choose the proper solution set from the following list for each equation or 
inequality : 

4 I * - 2 I = 3 

5 lx- 2 I <3 

6 I jc - 2 I > -3 

7 Ijc- 2 I < 3 

8 I jc -2 I > 3 

9 Ijc- 2 I = - 3 

Find the solution set for each of the following equations algebraically : 

10 I jc + 3 I = 6 11 I 2* - 7 I = 5 @13-2*1=7 

13 I jc - 3 I = I jc + II 14 I2jc+ 1 I = I jc - 31 @ 7 * 2 - 2* + 1 =4 




Find the solution set for each of the following equations graphically : 

®I* + 4I=3 17 Ijc-1I = Ijc+3I @I2*-5I = 3 

Find the solution set for each of the following equations graphically: 

© I * - 1 I < 3 @ I * - 2K 5 @ I * + 3 I > 2 



Find the solution set for each of the following equations algebraically: 

@12*- II >3 @12* + 31 <7 @13*- 71 ^2 

25 Roads : two roads; the first road is represented by the curve of the function / where 
/(*) = I* - 41 and the second one is represented by the curve of the function g where 
g(*) = 3. If the two roads get intersected at the two points A and B , find the distance from A 
to B known that the length unit represents 1 km only. 

26 Write down the absolute value inequality which expresses the temperature measured by the 
medical thermometer and ranges between 35 ° and 42 
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Unit summary 

1 The function : is a relation between two non-null sets X and Y so that each element in 
% has one and only one element of Y and the function is symbolically written in the form 

/: X * Y. The function is determined by the three elements; the domain , co-domain and 

the rule of the function. 

The function f is called a real function if each of its domain and co-domain are the set of the 
real numbers or a subset of it. 

2 The vertical line test : If a relation is represented by a set of points in a orthogonal 
coordinate plane and the vertical line intersects its graphical representation at each element 
of the domain elements at one point only, then the relation represents a function. 

3 Piecewise- defined function : is a real function in which each subset of its domain has a 
different definition rule. 

4 Monotony of function : the function f is increasing in the interval ]a , b[ if each of 
jtj and x 2 e ]a , b[ and x 2 > x v then /(x,) > fix^)\ 

The function /is decreasing in the interval ]a , b[ if each of v, , x 7 e |a , b[ when X 2 > A'j , 
then/ (x 2 ) <f(x ] ) 

and the function is constant in the interval ]a , b[ if each x x , x 2 e ]a , b[ and x 2 > Aj , then 
f(x 2 ) = f{x j) 

5 Even and odd functions : 

Even function : it is said the function/: x * y is an even function if f(-x) - fix) for each 

x and -x e X. 

Odd function : it is said the function/: x > y is an odd function if J{-x) = -f(x) for each x 

and -x e X. 

Improtant properties : 

If each of / and f 2 are even functions and each of gj and g 9 are odd functions, then : 

1 ) f l +f 2 even function 2) + g 1 odd function. 

3) /j x/, even function 4) gj x g 7 even function. 

5) /j x g-, odd function 6) / > g 2 neither even nor odd function. 

6 Linear function : its simplest form is f{x) = x , represented by a straight line passing through 
the point (0 , 0) and its slope = 1 

7 Quadratic function : its simplest form is fix) = x 2 , the curve vertex point is (0 , 0) and 
the equation of the symmetry axis x = 0. 

8 Cubic function : its simplest form is fix) = x 3 and the symmetry point of its curve is (0 , 0). 
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9 Modulus function (absolute value function) 



/(*) 



J X , 

1 -X, 



The simplest form of the modulus function is fix) = hi and defined as follows: 
x>0 
x <0 

It is represented by two rays starting from the point of (0 ,0). The slope of the first ray = -1 
and the other = -1. therefore hl^ 0 , \-x\ = Id and f~x = hi 

10 Rational function : its simplest form is fix) = — and the symmetry point of its curve 
is (0 , 0). 

1 1 Geometrical transformations of the function f where y =f(x ) and a > 0 are determined 
as follows : 

> If y = fix) + a it is represented by translating the curve of f in the positive direction of 

y-axis in a magnitude of a 

> If y = fix) - a it is represented by translating the curve of f in the negative direction of 

y-axis in a magnitude of a 

> If y = fix + a) it is represented by translating the curve of f in the negative direction of 

x-axis in a magnitude of a 

> If y = fix - a) it is represented by translating the curve of f in the positive direction of 

x-axis in a magnitude of a. 

> If y = fix ) it is represented by reflection of the curve of /in x-axis. 

> If y = a fix) it is represented by the stretching the two vertices of the curve/if a > 1 

and by shrinking the two vertices of the curve if 0 < a< 1 . 



12 Properties of absolute value: 

a I a bl = lal x Ibl b | a + b K I al + Ibl 

c If hi < a , a > 0 then : -a < x < a 

d If hi ^ a , a > 0 then : x ^ a or x < - a 

13) Solving the equation : for any two functions / and g, the solution set of the function 
fix) = g(x) is the set of the x coordinates of the intersecting points of their two curves. 

14) Solving the inequality: is to find the set of the values of the variable which make the 
inequality true. 
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«r General exercises 



V#7 






1 In the following graphs, determine the range of each function, investigate its monotony and tell 
whether its even, odd or otherwise: 










i 


1 y 














5 
















4 














V 


3 














\ 






























3 ■ 


2 - 


O 

' 












f 




2 Find the domain for each of the functions defined by the following rules: 

a f(x) = 2x 3 + x + 3 b /(*)= 2x c /(*) = ^i_ 

x -2x- 3 x + 1 

3 Use the curve of the function / where f(x) = Ui to represent the function g graphically and 
investigate its monotony: 

a g(x) = \x - 1 1 b g(x) = 2 - U'l c g(x) = |.x + 21-3 

4 Use the curve of the function fix) = x 2 to represent the following graphically : 

a gfx) = x 2 - 3 b g 2 (*) = 2- v 2 c g 3 ( x ) = ( x _ 2) 2 + 1 

Then find the equation of the symmetry axis of each. 

5 Use the curve of the function /where fix) = x 3 to represent the following graphically 

a gjO) = (x + 3) 3 b g 2 (x) = - (x - l) 3 c g 3 ( x ) = ( x - l) 3 - 2 

then identify the symmetry point of the function curve. 

6 Use the curve of the function /where fix) = and .x / 0 to represent the following 
graphically : 

a ffx)= -f +1 b f 2 (x) = ±- 2 c f 3 (x) = - i — 

d / 4 W= — e f 5 (x) = — ^ +1 f / 6 W = ^ 1 

^ x + 3 0 x -2 ° x 
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Unit 1: Real Functions and Graphing Curves 

7 Find the solution set of the following equations and inequalities graphically . 

a lx- 51 = 3 b I jc - 51 < = 3 c |x + 3l>2 

d lx - II = I x + 41 e |x + 4K2 f V x 2 + 2x + 1 >3 

8 Find the solution set of the following equations and inequalities algebraically : 

a I x - 31 = 4 b | 2x - 31 = 5 c |2x - 5K 7 

d 15 - xl > 3 e | x - 1 I = I 2x + 31 f I x -21 -3 > 0 

9 A dairy factory produces cans of weight x gram. To control the production quality, the cans 
pass on the production line which allows the cans to pass if lx - 16001 ^ 15. Determine the 
heaviest and the lightest cans that can be sold from the production of that factory. 

10 The figure opposite shows the function /where : 
fix) = J, lx - 161 - 12 

choose the proper units of the two axes 0 x and 0 y then 
find the solution set of the function /(x) = 6 graphically. 



Critical thinking : 

1 1 What are the possible values of a if the solution set of the inequality I x I ^ a is </>? What 
is the solution set of the inequality Ixl > a then ? 

12 The aviation speed of planes is measured during the normal aviation on air disregarding 
taking off and landing time. Express the aviation speed ranging between 700km/h to 
900 km/h using the absolute value inequality. 
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Accumulative test 3^ 

1 Graph the two curves of the functions / and g where fix) = x + 1 and g(x) = 5 - x, then find: 

a The two coordinates of the intersecting points of each curve with x-axis. 

b The two coordinates of the intersecting point of the two curves. 

c Area of the triangle determined by the two intersected straight lines and x-axis. 

2 Use the curve of the function/ where/(*) = Ld to represent the function g where g(x) = \x - 1 1 - 2, 
then find the range of the function g. 

r x 2 for each -2 ^ x < 2 

3 Graph the curve of the function /where f{x) = j ^ for each 2<x 

> Then determine the range of the function and investigate its monotony. 

4 In the figure opposite : 

a Write the coordinate of the curve vertex point, 
b Write the rule of the function. 

c Find the range of the function and investigate its monotony, 
d Write the equation of the symmetry axis. 

5 Graph the curve of the function/ where f(x) = (x - l) 3 and deduce the range and monotony 
of the function , then tell whether it is even , odd or otherwise. 

6 Use the curve of the function / where f(x) = — !— to represent the function g 
where g(x) = fix) + 2 then write the symmetry point of the resulted function and investigate 
its monotony. 

7 If the function/where f(x) - ' 




x + 1 



find the domain of the function f and the symmetry point 



of the curve of this function. 

Solve the equation /(— ) = 4 
x 

8 Find the solution set for each of the following graphically 

a I* - 4 I = 3 b |* - 4 I > 3 

9 Find the solution set of the following equations and inequalities algebraically : 

a lx + 5 I = 9 b 7 4x 2 - 12x + 9 =bc+ II c 12* - 51 < 7 

d 13* + II > 7 
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The concept of logarithms had been used in mathematics early the 
Seventeenth century by the scientist John Napier as a method to simplify 

calculations to help navigators, scientists, engineers and others depend on to do their calculations easier by 
using the calculating ruler and logarithmic tables. They had benefited from the properties of logarithms by 
substituting the multiplying operations to find the logarithm of the product of tow numbers, by using the 
property of addition with respect to the property of log a (xy) = log a x + log a y. Thanks to the scientist Leonhart 
Euler. In the eighteenth century, he connected the concept of logarithm with the concept of the exponential 
function to widen the concept of logarithms and connect with the functions. 



Unit introduction 



Logarithmic scaler can be used in various fields. For example, the decibel is a logarithmic unit used to 
measure the sound intensity and voltage ratio. Logarithmic scaler is also used to measure the power of 
hydrogen Ph( it is a logarithmic scaler) to identify the acidity of a solution in chemistry. 




Unit objectives 



By the end of this unit, the student should be able to: 



Identify the exponential function. 

Identify the graphical representation of 
the exponential function and deduce its 
properties. 

♦ Identify the rules of the rational exponents. 
Solve an exponential equation in the from: 
a x = b. 

Identify the logarithmic equation. 

+ convert from the exponential form into 
logarithmic form aglabraically and vice versa. 
I dentify the graphical representation of the 
logarithmic function in limited intervals and 
deduce its properties. 



Deduce the relation between the exponential 
and logarithmic functions graphically. 
Identify the rules of logarithms. 

+ Solve logarithmic equations. 

Solve problems including applying the rules 
of logarithms. 

Identify the common logarithms of base 10. 
■$ Find the value of logarithms using the 
calculator. 

e Use the calculator to solve some exponential 
equations. 
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Key - terms 

The n th Power 
Base 

Exponent 
n th Root 

Rational - exponent 



0 



Unit lessons 



6 Expontential Function 
6 Exponential Growth 

6 Exponential Decay 

6 Domain 
6 Range 




6 Reflection 
6 Logarithm 
^ Logarithmic Equation 

^ Logarithmic Function 



Materials 



Lesson 1: Rational exponents 

Scientific calculator - geogebra-graph 

Lesson 2: Exponential Function and its 
applications 



Lesson 3: Solving exponential equations 

Lesson 4: Logarithmic function and its 
graphical representation 
Lesson 5: Some properties of logarithms 




Unit planning guide 

Exponents and Logarithms 




converting from a 
form to another 



Logarithms 



Exponential 

function 



















graphical 

representation 


rules of 
logarithms 





Solving a logarithmic 
equation 



solving the exponential 
equation 



Common 

logarithmic 



properties of the 
logarithmic function 



Application on the exponential 
function ( growth - decay) 



Using calculator 



Life application 
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] You will learn 

► Generalize the rules of 
exponents. 

► n th root. 

► Rules of rational expo- 
nents. 



Preface 

You have previously learned the square roots of a non-negative real 
number and identified some properties of both cubic and square roots. 
You have also learned the integers and identified some of their own 
properties. In this lesson , you are going to learn the rational exponents. 




Learn 



Key terms 

► The n th power 

► Base 

► Exponent 

► n th root 

► Rational exponent 



I 1 Materials 

► Scientific calculator 

► Graphic programs 



Integer exponents: 




For each aeR and for each neZ, then: 

a'=axaxax xa (where factor a is repeated n times). 

(a") is called the n th power of a, where a is called the base 
and n is called the exponent. We say a exponent n. 

a° =1 for all a e R - {0} 

- 1 1 - n 1 , n 
a =a‘ a= a i7 a ^° 



a , b e R , b / 0, then: 

> (ab) n = a 11 b n 

> , 2LT _ JLY 

* { b ’ ~ b" 



Properties of Integer Exponents: 

For each m and n e Z 

. m + n 

> a m x a" = a 

> = a m " n 

a 

> (a m ) n = a mn 

# Example 

1 Find the following term in the simplest form : (8) x (jj) 
6 F 81 x (16) -3 



Solution 

The expression 



(2 3 )" 3 x (2 x 3 2 ) 2 _ 2" 9 x 2 2 x 3 4 



3 4 x (2 4 )' 2 



3 4 x 2" 8 



= 2" 9 + 2 + 8 x 3 4 “ 4 
= 2 1 x3° = 2 x 1 = 2 
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Rational Exponents 



2 - 



Q Try to solve 

1 Find the value of the following term in the simplest form: 



2 Prove that : 



2 X x 9"' +1 _ ^ 
3 x 18* 




Learn 



(27) 3 x (12) 2 
16x(81) -2 



The n th Root 

You have known that the square root of a number is an inverse operation of squaring this number. 
Similarly, the n th root of a number is an inverse operation to place the n th power of this number. 



Example: 

1 If v 3 = 8 


then 2 is the cubic root of 8 


i.e 


<N 

II 

loo 

rn>- 


2 


If 


x 5 = 32 


then 2 is the fifth root of 32 


i.e 


f32" = 2 


3 


If 


x n = a 


then x is the n th root of a 


i.e 


ta =x 




For any real number, a ^ 0, n e Z + - { 1 } , then a” = n -f~a 
This relation is true when a < 0 and n is an odd number > 1 



Example: 



(16) 4 = flfT = 2 



(-9) 



V^9 £ R 



- (27 y = -f27 = -3 



(-243) 5 = ^243" = -3 



(ywi 

Index of* V^L^™ bo1 of the 

\ root 

number inside 
the root 




0 Example 

2 If x n = a , find the values of x in R (if found) in each of the following cases: 



a 


n = 5 , 


a = zero 


b n = 4 , a = 


81 




(cP 


n = 2 , 


a = -4 


d n = 3 , a = 


-8 




Solution 










a 


when 


n = 5, a = zero 


then x 5 = 0 


then 


x = P(f = 0 


b 


when 


n = 4 , a = 81 


then x 4 = 81 


then 


x = ± y 81 = +3 


e 


when 


n = 2 , a = -4 


then x 2 = -4 


then 


x = ± -fA g R 


d 


when 


n = 3 , a = -8 


then x 3 = -8 


then 


v = ^8 = -2 



from the previous example, we deduce that: 
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if x n = a , then the values of x , which satisfy the equation become clear in the following table: 



n 


a 




n e Z + - {1} 


a = 0 


= zero 


positive even integer 


a > 0 


there are tow real roots ± /a" 


positive even integer 


a < 0 


there arenot real roots. 


positive odd integer, n ^ 1 


a g R 


there is only a real root /a' 



13 Try to solve 

3 Find the values of x in each of the following (if possible): 

a x 2 = 36 b x 5 = -32 c jc 3 = 125 

d x 4 = 1296 e x 2 =-49 f x 7 = -128 



4 Critical thinking: use a numerical exampte to show the difference between the sixth root of 
a and Va"- 




if n e Z + - { 1 } , meZ + , 

Example: 

( 16)2 =(/ J 6) 3 

¥(A25f =QT(A25j) 2 



l/"a" GR 



m 

then: a n 




= (4) 3 = 64 
= (-5) 2 = 25 



# Example 

3 Find each of the following in the simplest form: 

a - 3 J 8 a 6 b 9 b +764 (a 2 + 3) 6 

r Solution 

a - 3 7 8 a 6 b 9 = - 3 J (2 a 2 b 3 ) 3 = -2 a 2 b 3 

b +7 64 (a 2 + 3) 6 =+7 [8(a 2 + 3) 3 ] 2 
= ±8 (a 2 +3) 3 

Q Try to solve 

5 Find each of the following in the simplest form: 

a v' 625 a 12 b ^-243 b 5 c ^128 (a + b) 7 
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Rational Exponents 



2- 



Using The Modulus 

the modulus of a number is used if the index of the root (n) is an even number, then FT = lal 
but if the index is an odd number, it is not necessary to use the modulus. 

\x\ if n is even. 

x if n is odd. 

Example 



4 Find each of the following in the simplest form : 

a 7 9x 2 b 7 -8.r’ 

c y (2- /T) 4 d i (i- vt) 

^ Solution 

a 7 9x 2 = 7 (3.x) 2 = 13*1 

b 7 -8x 3 = 7 (-2 x) 3 =-2x 

c V (2- FT) 4 = 12 - /T 1 = 2- /T where 2 > /y 
d 6 J (1- -fl) =11- FT I = FT - 1 where FT > 1 

El Try to solve 

6 Find each of the following in the simplest form: 

a 7 16 a 12 b 7 (jc - 2) 18 

c 3 J( 2- Ty 3 d y (2- Ty 4 



OH 



the square of any of 
the two numbers (a) 
or (-a) is a 2 



if neZ + -{l},meZ + t FT e R 



m 1 

then: a - n = — ^ 

a n 



3 2 

Example: 7 5 = -y , = 4 3 

75 4-3 




if n e Z - { 1 }, FT , 7~b~ are two real numbers, then: 
^ 7 ab = FT x FT 



> y-r - = -g=^= where b F zero 

v b TV 
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Example 

5 Find each of the following in the simplest form: 

a /8~ x 4 4 x 2~2 b 32 ~?x8? 

6 " 2 x 3 2 xy 16 5 



I Solution 

l _j 1 

a the expression = ^ 2x 4 — x ^ 2 
6 " 2 x 3 2 

= (2 3 )^x(2 2 )-‘ 2~- 
(3 x 2) - 2 x 3 2 

= (2)2 X 2~ 2 x 2~I 
3" 2 x2 -2 x 3 2 

= 22 - 2 - 5 + 2 x 3 2-2 



converting roots into rational exponents, 
factorizing each base into its primary factors. 
By simplifying 



_ 2 zero x ^ zero = ] 

3 2 

b the expression = — ^2 5 x ^ 3 — 
4 8 16 x ? 

= (2 5 )?(2 3 )x 5 

(2 2 ) 8 (2 4 ) x 4 

_ 2 3 x 2 2 

I 5 
22 x 2 2 

= 2 3+ 2 ' I ' I = 2 2 = 4 



converting roots into rational exponents, 
factorizing each base into its primary factors. 



13 Try to solve 

7 Find each of the following in the simplest form : 

043“ x O 

3 /TxiTT b 

Solving the equations: 



X 

ST x y~4~ 



0 Example 

6 Find the solution set for each of the following equations in R: 



a *3 = 9 

Solution 




b (A +1)4 =8 


2 

a v x 3 


= 9 


By placing the third power of the two sides 


(A 3 ) 3 


= 9 3 




X 2 


= 9 3 


By taking off the square root of both sides 




= V9 


bcl = 3 3 x = ± 27 



The solution set = {27, -27} 
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2 - 



b (* + l) 4 =8 By placing the fourth power of the two sides 

(x+ 1) 3 = 8 4 



= ) 4 

:.x+\ =2 4 v=15 The solution set = {15} 

Q Try to solve 

8 Find the solution set for each of the following equations in R: 
a *2 = 32 b ± 

# Example 

7 ) Geometry: If the side length of the square whose area m is given by the relation L = m 2 
a Calculate the side length of the square whose area is 25cm 2 . 

b Calculate the side length of the square whose area is 17cm 2 approximating the result to 
one decimal. 



I Solution 

a L= 252 = /25~ = 5cm b L=172=/TT -4,12310 

By approximating to one decimal .'. L ~ 4,1 cm 



| Try to solve 



9 If L is the side length of a cub whose volume P is given by the relation L = P 3 , find the side 
length of the cube whose volume is 27. 



®L 



Exercises 2-1 






1 Write down each of the following in an exponential form: 

a fT b f~Y 

d V a 2 b 3 e V x 5 

2 Write down each of the following in a root form: 



c 2 \A~n~ 

f 3 {Z 
{G 2 



I 

a a 2 
d 8b 5 



2 

b b 3 



e (3 jc)-3 



c 6 y 4 



f 52 



3 Find the value of each of the following in the simplest form: 



a (16)4 b (-32)1 

e t± 
■fl 



4 

c 27-3 



i 1 2 1 1 

d (r+qr 



59 
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4 Find in the simplest form: 

a (a -3 )' 3 



d (A/) ( *M) 

i i 



b fix X f 

112 112 
e (x 3 - y 3 ) (x 3 + x 3 >’ 3 + y 3 ) 



f (x2+x“2) 2 g (l 3 + 2 3 + 3 3 ) 2 

5 Reduce each of the following in the simplest form: 



a v r 243~ + f~S\2 



l 5 

d (27) 3 - (64) 6 



9 ( 125)3 x 8 H XC 15)- 1 



h ,16,5 ,729j 

b <ir> x <“r> 



Choose the correct answer: 

6 if y x 2 = 9, then x e 

a {27} b {27,-27} 

7 64-6 = 

a 2 b -2 






v-3 



a x" 



c {1} 



C lx 1 ! 



c (3 2 + 4 2 ) 



2 

3 . 



c (16) ^ (8) 



e /OT x 0.216 x f25 f 



h 16- v ~^x9- t+I 

B-v-ix ig-r+2 



8 8 x 4 T 6 
5 

2 4 



d (j) 



1 

2 



d -Ixl 



9 ffff = 



x y 



1 0 If x" 2 = 8, then x : 



a 4 

n 6 -^x 6 ? _ 
f36 

a 1 



b ± xy 



b -4 



b 6 



Ixlv 2 



d xlv 2 l 



d f6 



60 
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1 2 Find the solution set for each of the following equations in R: 

i . 1 | , 

a x 2 = 5 b x 2 = c /^T = 27 

d (x - 5)2 = 32 e 3r^=y f 2 3jc - 1 = ^4 

° v 2 

@ Economy: if it is known that the profit (r) of a bank on a sum of money (a) after (n) year 
is given by the relation r = (E) n - 1 where c is the total money after n year. If Gamal has 

3 . 

deposited 10000 LE and after 3 years the sum of money becomes 12597, find the yearly 
percentage of the profit. 



14 Discover the error: 

a if # = 4 , then x = 8 



b = x 



1 5 Reduce the term: 




al/~a~ 



16 Activity: 

use the calculator to simplify the following operations (Round to tow decimals): 



19 

a 75 (1,21) 2 



b 

V 4-3 



© Trade: Mohammed has started a project to grow rabbits, if the number of rabbits at the 
beginning of the project was 75 rabbits and the number of rabbits in their reproduction has 

n 

followed the relation Z = 75(4. 22) 6 where n is the number of months. Find the number of 
rabbits expected over 5 months.. 



18 Volumes: If the side length of a cube L is determined by the relation L = W~ where V is the 
volume of the cube in cubic units. Find the side length of a cube whose volume is 1331cm 3 . 

Creative thinking 
Volumes : 

/■ \ 3/3V 

19 if the radius length of a sphere is r whose volume V is given by the relation r = : 

A Find the radius length of a sphere whose volume is 27000 cm 3 . 

B calculate the change in the volume of the sphere as its radius length increases twice. 




Student book - first term 




PDF Compressor) 

Unit Two 






2-2 




=] You will learn 

► Exponential function. 

► Representing the 
exponential function 
graphically. 

► Properties of the expo- 
nential function. 



Key 



terms 



► Expontential Function 

► Exponential Growth 

► Exponential Decay 



Materials 



► Scientific calculator 

► Graphic programs 



OiHiBt 



the exponential 
function fix) = a* in 
case a > 1 is called 
the growth function 
and is related to many 
life applicatins such 
as over population, 
and the banking 
compound interst . The 
exponential function 
/(x)= a x in case 0<a<l 
is called the decay 
function and is relatd 
to many applications 
such as the half-life of 
the radioactive atoms. 




Exponential Function and 
its applications 



Preface 



111 

In our daily life, there are a lot of situations that need very accurate 
calculations such as banking profits, over population, cell reproduction 
in some organisms and the half-life of the radioactive atoms and so on. 
These situations require the concept of the exponential function which 
we are going to leam and investigate some of its properties. 

IS 



Jt- Learn 

Exponential Function 



OH 



r 

k 




if a is a positive real number a ^ 1 then 
the function: 

-R + ,j{x) = a x 



/'where/': R <- 
is called an exponential function whose 
base is a 



In algebraic function: 
the independent variable 
(x) is the base while the 
power is a real number. 

In exponential function: 
The independent variable 
(x) is the power while the 
base is the real number 
and does not equal one. 



Verbal expression: Explain why the function /(v) = (-3)- v where .teR 
is an exponential function. 

Graphical Representation of the Exponential Function 

Example 

1 use the values of x e [ -3, 3] to graph in one figure a part of the 
curve of each of the following tow functions: 

m = 2 x , g (x) = (±) x 



Solution 
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we can deduce the next properties of the 
exponential function from the graph: 

1 the function f: fix) = 2* is increasing on its 
domain because (a > 1) 

the function g: g(x) = (^) x is decreasing on its 
domain because (0< a< 1) 

2 the range of both functions is R + 
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Exponential Function and its applications 
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X 1 

the curve of the function/: fix ) = 2 is the image of the function curve g: g(x) = (-)* by 
reflection on y-axis 



H Try to solve 

1 Use the values of x e[-2 , 2] to graph in one figure the curve of each of the functions 
f\(x) = 2\f 2 (x) = 3 x and/ (x) = 4 X . 



Example 

2 if f(x) = 3 X , complete the following : 

a /( 2) = b / (.v -2) = x 3 V c /(.v) x/(-.v) = 

c Solution 

a /(2) = 3 2 = 9 b /(*+: 2) = 3' r+2 = 3* x3 2 = 9 x 3* 

c / (jc) x/(-x) = 3 X x 3 * = 3* ■* = 3 zero = 1 

Application on the exponential function: 

First : The exponential growth 

We can use the function/ where /n)=a( 1 +g) n to represent the exponential growth of a quantity a 
by a constant percentage g in equal periods which their number is n. ( discuss with your teacher 
how to deduce this relation). 

The compound interest 

To calculate the total sum C of an amount of money a invested in a bank giving an annually 
compound interest r ( percentage) for n number of year in division periods of the annual return 

into x period , then the sum of money is given by the relation : 

C = a (1 + E) nx : 

A man has deposited 5000LE in a bank giving an annually compound interest 8%. Find the 
sum of the money after 10 years in each of the following cases: 

A annual interest . B three months' interest. C Monthly interest. 

| Solution 

By using the relation C = a( 1 + ^) m where x is the annual division : 

a annual interest x =1 

c = 5000 (1 + 0.08 ) 10 = 10794.62 L.E 

b three months' interest x = 4 

c = 5000(1 + 0|8)i°* 4 = H040.2 L.E 




Student book - first term 




